Abstract. We give a new realization of crystal bases for finite dimensional irreducible modules over special linear Lie algebras using the monomials introduced by H. Nakajima. We also discuss the connection between this monomial realization and the tableau realization given by Kashiwara and Nakashima.
Introduction
The quantum groups, which are certain deformations of the universal enveloping algebras of Kac-Moody algebras, were introduced independently by V. G. Drinfeld and M. Jimbo [1, 4] . In [6, 7] , M. Kashiwara developed the crystal basis theory for integrable modules over quantum groups. Crystal bases can be viewed as bases at q = 0 and they are given a structure of colored oriented graphs, called the crystal graphs. Crystal graphs have many nice combinatorial properties reflecting the internal structure of integrable modules. Moreover, crystal bases have a remarkably nice behavior with respect to taking the tensor product.
In [13] , while studying the structure of quiver varieties, H. Nakajima discovered that one can define a crystal structure on the set of irreducible components of a lagrangian subvariety Z of the quiver variety M. These irreducible components are identified with certain monomials, and the action of Kashiwara operators can be interpreted as multiplication by monomials. Moreover, in [13] and [8] , M. Kashiwara and H. Nakajima gave a crystal structure on the set M of monomials and they showed that the connected component M(λ) of M containing a highest weight vector M with a dominant integral weight λ is isomorphic to the irreducible highest weight crystal B(λ). Therefore, a natural question arises: for each dominant integral weight λ, can we give an explicit characterization of the monomials in M(λ)?
of shape λ. Then we show that there exists a canonical crystal isomorphism between M(λ) and T (λ), which has a very natural interpretation in the language of insertion scheme.
This work was initiated when the authors visited RIMS, Kyoto University, in the spring of 2002. We would like to express our sincere gratitude to Professor M. Kashiwara for his kindness and stimulating discussions during our visit.
Crystal bases
Let I be a finite set and set A = (a ij ) i,j∈I be a generalized Cartan matrix. Consider the Cartan datum (A, Π, Π ∨ , P, P ∨ ), where
Zd j ) : the dual weight lattice, P = {λ ∈ h * |λ(P ∨ ) ⊂ Z} : the weight lattice,
the set of simple coroots,
Let h = Q ⊗ Z P ∨ be the Cartan subalgebra and fix a nondegenerate symmetric bilinear form ( | ) on h * satisfying:
The quantum group U q (g) associated with the cartan datum (A, Π, Π ∨ , P, P ∨ ) is the associative algebra over Q(q) with 1 generated by the elements e i , f i (i ∈ I) and q h (h ∈ P ∨ ) with the following defining relations:
Here, we use the notations:
We also define Q = i∈I Zα i , Q + = i∈I Z ≥0 α i and
In particular, the linear functional Λ i ∈ P + (i ∈ I) defined by
is called the fundamental weight.
The category O int consists of U q (g)-modules M satisfying the properties:
(ii) there exist finitely many elements λ 1 , · · · , λ s ∈ P such that
, where wt(M ) = {λ ∈ P |M λ = 0}, (iii) e i and f i (i ∈ I) are locally nilpotent on M .
For each i ∈ I, it is well-known that every U q (g)-module in the category O int is a direct sum of finite dimensional irreducible U (i) -submodules, where
Fix an index i ∈ I and set e
Then every weight vector v ∈ M λ can be written uniquely as
The set B is given a colored oriented graph structure with the arrows defined by
The graph B is called the crystal graph of M and it reflects the combinatorial structure of M . For instance, we have
Moreover, the crystal basis have a very nice behavior with respect to the tensor product. For each b ∈ B and i ∈ I, we define
Then we have:
where the Kashiwara operators on B are given byẽ
We close this section with the existence and uniqueness theorem for crystal bases. Proposition 1.3. [7] Let V (λ) be the irreducible highest weight U q (g)-module with highest weight λ ∈ P + and highest weight vector v λ . Let L(λ) be the free A 0 -submodule of V (λ) spanned by the vectors of the formf i 1 · · ·f ir v λ (i k ∈ I, r ∈ Z ≥0 ) and set
Then (L(λ), B(λ)) is a crystal basis of V (λ) and every crystal basis of
V (λ) is isomorphic to (L(λ), B(λ)).
Nakajama's monomials
In this section, we briefly recall the crystal structure on the set of monomials discovered by H. Nakajima [13] . Our expression follows that of M. Kashiwara [8] .
Let M be the set of monomials in the variables Y i (n) for i ∈ I and n ∈ Z. Here, a typical elements M of M has the form
It is easy to verify that
First, we define (2.3)
In addition, choose a set C = (c ij ) i =j of integers such that c ij + c ji = 1, and define
Now, the Kashiwara operatorsẽ i ,f i (i ∈ I) on M are defined as follows:
Then the maps wt :
Moreover, we have
(ii) Let M be a monomial with weight λ such thatẽ i M = 0 for all i ∈ I, and let M(λ) be the connected component of M containing M . Then there exists a crystal isomorphism
Example 2.2. Let g = A 2 , and choose c 12 = 1 and c 21 = 0. The crystal M(λ) is given as follows.
(1) M(Λ 1 ) :
Characterization of M(λ)
In this section, we give an explicit characterization of the crystal M(λ) for special linear Lie algebras. Let I = {1, · · · , n} and let A = (a ij ) i,j∈I be the generalized Cartan matrix of type A n . Here, the entries of A are given by
We define by U q (g) = U q (sl n+1 ) the corresponding quantum group. For simplicity, we take the set C = (c ij ) i =j to be
and set Y 0 (m) ±1 = Y n+1 (m) ±1 = 1 for all m ∈ Z. Then for i ∈ I and m ∈ Z, we have
To characterize M(λ), we first focus on the case when
By (2.2), we see that
Henceẽ i M 0 = 0 for all i ∈ I and the connected component containing M 0 is isomorphic to B(Λ k ) over U q (g). For simplicity, we will take M 0 = Y k (0), even if that does not make much difference.
Proof. By Proposition 2.1, it suffices to prove the following statements:
Hence we obtaiñ
If a j < b j − 1 and
On the other hand, if
To prove (b), we have only to show that if
For i ∈ I and m ∈ Z, we introduce new variables
Using this notation, 
Now, it is straightforward to verify that we have another characterization of the crystal
We now consider the general case.
(a) For each k = 0, · · · , n − 1, we define M (k) + to be the product of Y at (m t ) −1 Y bt (n t )'s in M with n t = k; that is,
(b) For each k = 1, · · · , n, we define M (k) − to be the product of Y at (m t ) −1 Y bt (n t )'s in M with m t = k; that is,
, we denote by λ − (M (k)) the sequence (a j 1 , a j 2 , · · · , a js ) whose terms are arranged in such a way that n + 1 > a j 1 ≥ a j 2 ≥ · · · ≥ a js . Definition 3.6. Let (λ 1 , · · · , λ r ) and (µ 1 , · · · , µ s ) be the sequences such that
Moreover, the sequences λ 
with a t + m t = b t + n t satisfying the following conditions:
Proof. As in Proposition 3.1, it suffices to prove the following statements: (a) For all i = 1, · · · , n, we havẽ
We first prove the statement (a). Let i ∈ I and M = t Y at (m t ) −1 Y bt (n t ) be a monomial of M(λ). Assume thatf i M = 0. Then i = b t for some t andf bt M is obtained from M by multiplying
If we express as
+ unless k = n t and n t + 1. At first, consider the case when k = n t . Let λ − (M (n t )) = (a j 1 , a j 2 , · · · , a js ) and
If a jp = b t + 1, then we have
It is clear thatf bt M satisfies the condition (i) and (ii). Secondly, for the case k = n t + 1, we have
Hencef bt M ∈ M(λ).
Similarly, we can prove thatẽ
Then by the definition of the 
Therefore, we have
and
It is easy to see that M satisfies the conditions of Theorem 3.8. Therefore, M ∈ M(λ).
Example 3.13. Let λ be a dominant integral weight Λ 1 + 2Λ 2 + Λ 3 of A 4 and let M be a monomial 3 given in Example 3.10. Then M can be expressed as
and so
Consider the condition (ii) in Corollary 3.12. For M = 1≤i≤n+1 0≤j≤n−1
-many i entries in the sequence λ(M (j)). Therefore, the condition λ(M (j)) ≺ λ(M (j − 1)) implies that (3.5)
Therefore, Corollary 3.12 is expressed as follows:
Corollary 3.14. Let λ = a 1 Λ 1 +· · ·+a n Λ n . Then M(λ) is expressed as the set of monomials
The connection with Young tableaux
In this section, we give the correspondence between monomial realization and tableau realization of crystal base for the classical Lie algebra g = A n . To prove the results in this section, we will adopt the expression of monomials given in Corollary 3.12.
Before we give the correspondence between monomial realization and tableau realization, we introduce certain tableaux with given shape which is different from Young diagram given by Kashiwara and Nakashima. Let λ be a dominant integral weight. Let S(λ) (resp. T (λ)) be the set of all (reverse) semistandard tableaux (resp. semistandard tableaux) of shape λ with entries on {1, 2, · · · , n}, which is realized as crystal basis of finite dimensional irreducible modules [9, 11] . For the fundamental weight Λ k (k = 1, · · · , n), we have T (Λ k ) = S(Λ k ). Theorem 4.3. Let λ = a 1 Λ 1 + · · · + a n Λ n be a dominant integral weight. Then there is a crystal isomorphism ψ : M(λ) → S(λ).
Proof. Let M be a monomial in M(λ). Then M is expressed as
We define ψ(M ) to be the semistandard tableau with m ij -many i entries in (j + 1)-st row (from bottom to top) for i = 1, · · · , n + 1, j = 0, 1, · · · , n − 1. Indeed, by the condition (ii) of Corollary 3.14, the tableau ψ(M ) is of shape λ. Moreover, the condition (i) and (iii) imply that ψ(M ) is semistandard. Conversely, let S be a tableau of S(λ) with m i,j -many i entries in the j-th row (from bottom to top) for i = 1, · · · , n + 1 and j = 1, · · · , n. We define ψ −1 (S) by the monomial 1≤i≤n+1 1≤j≤n
Then since S is semistandard, it is easy to see that ψ −1 (S) satisfies the condition (i)-(iii) of Corollary 3.14. Moreover, it is clear that ψ and ψ −1 are inverses of each other. Now, it remains to show that ψ is a crystal morphism. Let M = X i (j) m ij be a monomial in M(λ). Let X a (k 1 ) and X a (k 2 ) be the monomials corresponding to the entries a in S i,j and S i ′ ,j ′ , respectively. By the definitions of ψ(M ) and S i,j (1 ≤ i ≤ n, 1 ≤ j ≤ a k ), we have the following fact:
Therefore, from the definition of Kashiwara operators on the set M of monomials and the tensor product rule of Kashiwara operators which is applied to the set S(λ), it is easy to see that ψ is a crystal morphism of U q (A n )-modules. We have the following proposition between S(λ) and T (λ). .
By applying the reverse bumping rule to the entries from bottom to top and from right to left, i.e., from the entry 4 of the rightmost column to the entry 1 on top of the leftmost column, we have the following sequence 
